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Abstract. We classify minimal complex surfaces of general type 
with p g = q = 3. More precisely, we show that such a surface 
is either the symmetric product of a curve of genus 3 or a free 
Z2— quotient of the product of a curve of genus 2 and a curve of 
genus 3. Our main tools are the generic vanishing theorems of 
Green and Lazarsfeld and Fourier-Mukai transforms. 
2000 Mathematics Classification: 14J29. 



1. Introduction 

Let X be a smooth minimal complex surface of general type. The 
smallest possible value of the Euler -Poincare characteristic xPO = 
l+p g (X)— q(X) is 1, and for x(X) = 1 one nas the bounds 1 < K\ < 9. 
If, in addition, the surface is irregular, i.e. q(X) > 0, then one also has 
K\ > 2p g (X) (cf. 0), so that p g (X) < 4. The limit case p g (X) = 4 



corresponds to the product of two curves of genus 2 (cf. |[Be2j| ). Here 
we consider the case q(X) = 3 (cf. Theorem |2.2| ) and prove that X is 
either the symmetric product of a curve of genus 3 [K\ = 6) or a free 
Z 2 — quotient of the product of a curve of genus 3 and a curve of genus 2 
{K\ = 8). Both surfaces have already been described in [PCM], where 



it is also shown that the former is the only example with K\ = 6 and 
the latter is the only example with a pencil of curves of genus 2. 
However, our approach is independent of the results of [ U(JM | , and, 



as far as we know, it is a new one in the classification of surfaces of 
general type. We are able to identify the surfaces by looking at the 
locus V\X) := {P e Pic°(X)|/i 1 (-P) > 0}, whose properties have 
been described very precisely by several authors (cf. ||GL1|| , ||GL2 | 



Bcl|| , @, [EL|| ) . Roughly speaking, if V 1 (X) is 0— dimensional we 



prove that X is the symmetric product of a curve of genus 3 by using a 
cohomological characterization of theta divisors, due to the first author 
(cf. Theorem 2.9). If instead V l (X) has positive dimension, then 



we show the existence of a pencil of curves of genus 2 by using the 
infinitesimal description of V 1 (X) (cf. ||GL1|| ) and the Castelnuovo -de 
Franchis Theorem. As a byproduct of the classification, we obtain a 
description of the moduli space of surfaces of general type with p g = 

l 
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q = 3 (cf. Corollary 2.4) and we determine the degree of the bicanonical 
map (cf. Corollary 2.3). 
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Notations and conventions. We work over the complex numbers; 
all varieties are projective. We use the standard notation of algebraic 
geometry; we just recall here the notation for the invariants of a surface 
X: Kx is the canonical class, p g (X) = h°(X,Kx) the geometric genus 
and q(X) = h}{X, Ox) the irregularity. An irrational pencil of genus 
g on a surface X is a fibration p: X — > B with B a smooth curve of 
genus g > 0. 

2. The classification theorem 

Throughout the paper we make the following assumption: 

Assumption 2.1. X is a smooth minimal complex projective surface 
of general type with p g (X) = q(X) = 3. 

We denote by A the Albanese variety of X and by a: X — > A the 
Albanese map. We also assume that we have fixed a Kahler metric 
on X, so that for every P e Pic°(X) and i > there is an antilinear 
isomorphism H*(X, -P) ~ H°(X,Q X (P)) (cf. fGLTJ, 2.5). 



Here are two examples of surfaces satisfying Assumption \2 
Example 1. Let C be a smooth curve of genus 3. Then the symmetric 
product of C is a surface X with K\ = 6 satisfying Assumption |2T. 



Let Pic 2 (C) denote the subset of Pic(C) consisting of the line bundles of 
degree 2 and let /3: X -> Pic 2 (C) be the map that sends an unordered 
pair {p, q} 6 X to the linear equivalence class of p+q. The image D of (3 
is a principal polarization by |[LB|| , Corollary 11.2.2. By the Riemann's 
Singularity Theorem (cf. [LB], Theorem 11.2.5) D is smooth if C is 
not hyperelliptic, while it has a double point at the canonical class if 
C is hyperelliptic. By Riemann-Roch on C, (3 is 1— to— 1 if C is not 
hyperelliptic, while if C is hyperelliptic it contracts to a singular point 
of type A\ the —2— curve of X corresponding to the canonical series. 
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In either case D is the canonical model of X. It follows that A is the 
Jacobian of C and that, up to the choice of an identification of Pic 2 (C) 
with Pic°(C), (3 is the Albanese map of X. 

Example 2. Let C\ be a curve of genus 2 with an elliptic involution 
a i and C 2 a curve of genus 3 with a free involution a 2 . We write 
Bi := Ci/ < 0i > and £> 2 := C 2 / < o 2 >. The curve £>i has genus 
1 and B 2 has genus 2. We let Z 2 act freely on the product C\ x C 2 
via the involution ox x o 2 . The quotient surface X := (Ci x C 2 )j r L 2 
is a surface with fTj^ = 8 satisfying Assumption ETTl The projections 
of Ci x C*2 onto Ci and C2 induce fibrations p^. X —>■ Bi, i — 1,2. 
The singular fibres of pi are two double fibres with smooth support, 
occurring at the branch points of C\ — > Bi, while the fibres of p 2 are 
all smooth. The Albanese variety of X is isogenous to the product of 
the Jacobians of B\ and B 2 . 

Our aim is to prove the following: 

Theorem 2.2. The possibilities for a smooth minimal surface X with 
p g (X) = q(X) = 3 are the following: 

i) K\ = 6 and X is the surface of Example 1; 

ii) K\ = 8 and X is the surface of Example 2. 

Before proving Theorem |2.2| we deduce some consequences from it. 

Corollary 2.3. The bicanonical map of a minimal surface of general 
type X with p g (X) = q(X) = 3 has degree 2. 

Proof. By Theorem [T2] X is either the surface of Example 1 or the 
surface of Example 2. In the former case the bicanonical map has 



degree 2 by Proposition 3.17 of [GUM]. In the latter case, the degree 



is 2 by Theorem 5.6 of ||Xi|| . □ 



Corollary 2.4. The moduli space M. of surfaces of general type with 
p g = q = 3 has two irreducible connected components of dimensions 
respectively 6 and 5. 

Proof. By Theorem [2.2| , M. is a disjoint union M.§ U Ais, where A4 a : = 
{[X] e M\K\ = a}. The sets M. a are open since K 2 is a topological 
invariant, thus we only have to show that M. Q and are irreducible 
of dimension 6 and 5 respectively. The points of are in one-to-one 
correspondence with the isomorphism classes of curves of genus 3, thus 
the result is well known in this case. 

If [X] G Ads, then p 2 : X — ► B 2 is the only irrational pencil of genus 
2 of X. This can be seen in several ways, for instance by observing 
that a base-point free pencil is determined uniquely by the span of its 
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class in H 2 (X, C) and that H 2 (X, C), being of dimension 2, has only 
two isotropic lines, spanned by the classes of the general fibre of p\ and 
P2- It follows that the double cover C\ x C2 — > A is also determined 
uniquely, since it is the etale cover of X that kills the monodromy 
of the pencil p 2 : X — > B 2 . So [X] is determined by the choice, up 
to isomorphism, of a curve C\ of genus 2 with an elliptic involution 
G\ and of a curve C2 of genus 3 with a free involution 02- The pair 
(Ci,0i) is determined by the quotient curve E\ := Ci/01, by the line 
bundle L of degree 1 on £7i such that ip*Oc\ = © where 
if>: C\ — > £/i is the quotient map, and by the branch divisor D = 2L 
of ■0. So, taking into account the action of the automorphism group 
of Ei, we see that (Ci,0i) depends on 2 parametres. In addition, it is 
not difficult to write down an irreducible global family containing all 
the isomorphism classes of double covers of genus 3 of elliptic curves. 
Thus the isomorphism classes of the pairs {C\,G\) form an irreducible 
family of dimension 2. Analogously, the isomorphism class of (C2, 02) 
is determined by the genus 2 curve B2 '■— C2/&2 and by the choice of a 
2— torsion line bundle L of B2. The pairs (B2, L) form a 3— dimensional 
irreducible family (cf. for instance |[LB|1 , Chapter 8, §3). □ 

We now turn to the proof of Theorem [2.2| . Surfaces satisfying Assump- 
tion 2A are studied in section 3 of ||CCM |, where it is proven that if 



K\ = 6 then X is the surface of Example 1. We recall some general 
facts from jCUMj . 



Proposition 2.5. Let X be a surface as in Assumption \2. 1\ . Then: 

i) 6 < K\ < 9; 

ii) the Albanese image of X is a surface; 

iii) if X has an irrational pencil of genus g > 1, then X is the surface 
of Example 2. 

Proof. Statement i) follows from Miyaoka-Yau inequality K\ < 9x 



and from the inequality K\ > 2p g of ||Dej| . Statements ii) and iii 



correspond to Proposition 3.1, i) and Theorem 3.23 of |pCM|| , respec- 
tively. □ 

The proof of Theorem |2.2j is based on the study of the set V X (X) : = 
{P E Pic (A) I h}{-P) > 0}. The sets V\Y) := {P G Pic°(Y)| h\-P) > 
0}, for Y a variety of any dimension, have been studied by Green and 
Lazarsfeld ( |GL1| , |fjL2|| ), by Simpson ([0]), and in the case of surfaces 



by Beauville ( |Bel| |). We recall here only those properties of V l (X) that 



we are going to use: 

Theorem 2.6. Let X be a complex surface of maximal Albanese di- 
mension. Then: 
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i) V 1 (X) is a proper subvariety of Pic (X); 

ii) i/ie irreducible components ofV 1 (X) are translates of abelian sub- 
varieties of Pic (X) by torsion points; 

iii) V 1 (X) has a component of dimension > 1 iff X has an irrational 
pencil of genus > 1 : 

iv) Let P G V 1 (X) be a point, let v G Ox) be a nonzero vec- 
tor and let a G H°(X,Q X ) be the conjugate of v. If v is in the 
tangent cone to V 1 (X) at P, then the map H°(X,{l x (P)) 
H°(X,ujx(P)) is not injective; 

v) Let P G V l (X). Then {P} is a component of V l (X) iff the 

map H°(X, Q X (P)) H°(X, lux(P)) is injective for all nonzero 
aeH°{X,Q x ). 



Proof. Statement i) is Theorem 1 of ||GL1|| . The fact that the com- 
ponents of V 1 (X) are translates of abelian subvarieties follows from 
Theorem 0.1 of [|GL2|| and the fact that the translation is by a torsion 



point follows from Theorem 4.2 of [^J. Statement iii) follows from 
|Bcl|| , Corollary 2.3. Statement iv) follows by combining Theorem 1.6, 



Lemma 2.3 and Lemma 2.6 of ||GL1|| . Statement v) is a consequence of 



Theorem 1.2, (1.2.3) of □ 

If X is the surface of Example 2, then the set V 1 (X) has a component of 
dimension 2 by Theorem [2.6| , iii). On the other hand, using adjunction 
on A := Pic 2 (C),it is easy to show that for the surface of Example 1 one 
has V l (X) = {Ox}- The results that follow show that the structure 
of V 1 (X) characterizes X. 

Proposition 2.7. If X does not have an irrational pencil of genus 
> 1, then the dimension ofV l (X) is 0. 

Proof. We remark first of all that, in view of the assumption, we have 
c\im.V l (X) < 1 by Theorem T£ , iii) 



Assume now that there is a 1— dimensional component T of V l (X). 
By Theorem |2]6|, ii), T = To + Q, where To is an abelian subvariety 
of Pic°(X) and Q is a torsion point. Notice that Q T , since by 
Proposition 4.1 of [ |GL1|| Ox is an isolated point of V 1 (X). Fix a torsion 
point P G T, denote by n its order and assume that n is minimal. This 
is the same as saying that if kP G T then kP = 0. Let v G H 1 (Ox) be 
a nonzero vector tangent to T and let a G H°(Q X ) be the conjugate of 
v. The vector v lies in the tangent cone to V 1 (X) at P and therefore the 
map H°(Q X (P)) ^5 H (ux{P)) is not injective by Theorem |2.6| , 



iv 



Denote by r a nonzero element in the kernel of this map. Let tc : Y — ► X 
be the connected etale cyclic cover associated to the finite subgroup 
<P>C Pic°(X). The group <P> can be naturally identified with the 
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dual group of the Galois group G = Z n of n, and 7r*if (f2^(P)) is the 
eigenspace of 22°(f2y) on which G acts via the character corresponding 
to P. Since n*a A tt*t = 0, by the Castelnuovo-de Franchis Theorem 
there exists a fibration q: Y — > B onto a curve of genus at least 2, such 
that 7r*(T and n*r are pull-backs from B. The fibres of g are integral 
curves of ir*a. Since ir*a is G— invariant, it follows that G permutes 
the fibres of q and thus induces a pencil p: X — ■> 22 := 23/G. More 
precisely, we have a commutative diagram: 



9 P 



Let a be the 1— form on B such that 7r*er = q*a. By commutativity of 
the diagram, o is G— invariant and thus it is a pull-back from E. This 
shows that E is not rational. In view of the assumptions, we conclude 
that E has genus 1. Since o is a pull-back from 22, comparing the 
tangent spaces at the origin one sees that T = p*Pic°(22). 

Now let f be the 1— form on B such that tc*t = q*f. By com- 
mutativity of the diagram, f is an eigenvector for G with character 
corresponding to P. Since this character generates the dual group G*, 
the action of G on B is effective, i.e. n : B — > 22 is a G— cover. 

We claim that 7f is totally ramified, namely it does not factor through 
an etale cover of E. Assume otherwise, and denote by 22 C G the 
subgroup generated by the elements that do not act freely on B. Set 
Y' := Y/H, B' := B/H. Then we have a commutative diagram: 

Y' X 

q' V 

B' 22 

where the maps are the obvious ones. In particular, 7f' is etale by 
construction. If we denote by d < n the order of 22", then the cover 
n' corresponds to the subgroup of Pic°(X) generated by dP. On the 
other hand, tt' is obtained from if' by taking base change with p, so 
the subgroup of Pic°(X) corresponding to tt' is actually a subgroup of 
p*Pic°(22), i.e. dP G p*Pic°(22) = T . This contradicts the minimality 
assumption on n, and we conclude that if is totally ramified. The 
G— action on B gives a decomposition tt^Ob = Oe ©xgg*-{i} L" 1 , 
where the L x are line bundles and L" 1 is the eigenspace of 7f*Cs on 
which G acts via the character x G G*. Saying that if is totally ramified 
is the same as saying that degL x > for every x £ G* — {!}. The 
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standard formulas for abelian covers (cf. |Pa|| , Proposition 4.1), give 
9(B) = g(E) + J2 xeG ,_ {1} h°(uj E ®L x ) = 1 + £ xeG »_ {1} degL x > n. 
Denote by / the genus of the general fibre of q. The Corollary on 
page 344 of |Be2j gives: x{Y) = "XPO = n > (f - 1)0(5) - 1) > 
(/ — l)(n — 1). Thus we either have / = 2 or n = 2, / = 3. Recall 
that / is also the genus of the general fibre of p. Then / = 2 is 
impossible: indeed by the Lemma on page 345 of |[Be2|| the equality 
3 = q(X) = g(E) + / would imply that X is the product of E with a 
curve of genus 2, contradicting the fact that X is of general type. So 
we are left with the case n = 2, / = 3. Notice that in this case we 
also have g(B) = 2, so that 2 = x(X) = (g(B) — 1)(/ — 1). So, again 
by the Corollary of page 344 of ||Be2|| , the fibration q is isotrivial with 
smooth fibres, and the only singular fibres of p are two double fibres 
with smooth support, occurring at the two branch points of ff : B — > E. 
Hence by Pe |, Theorem 2.1 and Remark 2.3, there exist a curve C\ of 



genus 3, a curve C 2 of genus g 2 , and a finite group G acting faithfully 
both on C\ and on C 2 such that: 

i) C 2 /G is isomorphic to E; 

ii) the diagonal action on C\ x C 2 defined by (x, y) A- (gx, gy) is free; 

iii) X is isomorphic to the quotient (C± x C 2 )/G, and the fibration 
p corresponds to the map [C\ x C 2 )/G — > C 2 /G = E induced by the 
second projection C\ x C 2 — » C 2 . 

In addition, the following hold: 

a) Ci/G has genus 2 (since q(X) = g(C 2 /G)+g(C 1 /G) = \+g(C x /G) 
by Proposition 2.2 of |Sefl); 

b) 2(g 2 - 1) = \G\ (since 2(g 2 - 1) = X {Ci x C7 2 ) = \G\ X {X) = \G\). 
Applying the Hurwitz formula to the quotient map C\ — > C\/G we 

see that G has order 2. Condition b) now implies g 2 = 2, hence X is 
the surface of Example 2 and p is the pencil p\. Thus X has also an 
irrational pencil of genus 2, contrary to the assumptions. □ 



Proposition 2.8. If X does not have an irrational pencil of genus 
> I, then V\X) = {O x }- 

Proof. Let O x 7^ P G V 1 (X). By Proposition [277|, {P} is a com- 
ponent of V 1 (X). It follows from Theorem |2.6| , v) that for all 7^ 

a G #°(X,^) the map 5°(X,^(P)) H (X,uj x (P)) is injec- 
tive. Using Hodge theory with twisted coefficients it follows that the 
map induced by cup product 

H\-P) ® ff^X, O x ) — > P 2 (-P) 
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is non zero on (non zero) simple tensors. Therefore, by a result of H. 
Hopf (see ||ACGH|| pg. 108) h 2 (-P) > h\-P) + h\O x ) - 1. Hence 

1 = X (Ox) = X(-P) = h 2 (-P) - h\-P) > 2. 
This is the required contradiction. □ 



The last ingredient of the proof of Theorem [2.2| is the following result 
from [|Had] : 



Theorem 2.9. Let Z be a smooth complex projective variety of dimen- 
sion n, let A be an abelian variety and let f : Z — > A be a generically 
finite morphism such that f(Z) is a divisor. Assume that: 

i) h°(Z, tf z ) = { n f) for0<i< n; 

ii) h\Z,uj z (f*P)) = for all O a ^P E Pic°(A) and all i > 0. 
Then A is principally polarized and f[Z) is a theta divisor. 



Proof. Cf. Pacj Corollary 3.4. □ 



Proof of Theorem \2.Q . By Proposition |27|, iii), X has an irrational pen- 
cil of genus > 1 iff X is the surface of Example 1. 

If X has no irrational pencil of genus > 1, then V 1 (X) = {Ox} by 



Proposition |2.8j . Thus we can apply Theorem |2.9| to the Albanese map 
a: X — > A. It follows that A is pricipally polarized and Y := a(X) is 
a theta divisor. It is well known (cf. |LB| | , Ch. 11, Corollary 8.2,b)) 
that an abelian threefold with an irreducible principal polarization is 
the Jacobian of a curve C of genus 3. As already explained in Example 
1, the theta divisor is the canonical model of the symmetric product 
of C. Thus Ky is an ample Cartier divisor with K Y = 6. To finish 
the proof, it suffices to show that the map a: X — > Y is birational. If 
we denote by R the divisorial part of the ramification locus of a, the 
adjunction formula gives Kx = a*Ky + R. If we denote by d the degree 
of a, then we have: 

K\ = a*K Y K x + RK X > a*K Y K x > (a*K Y ) 2 = Qd 

where the first inequality follows from the fact that Kx is nef and the 
second one from the fact that a*K Y is nef. Since K\ < 9 by Proposition 
[2.5| , i), it follows that d = 1 and X and Y are isomorphic. □ 
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